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Introduction
Throughout this paper by a space we mean a topological space, and γ denotes an infinite cardinal.
Let X be a space and Y a subspace of X. We say that Y is C * -embedded (respectively C-embedded) in X if every bounded real-valued (respectively real-valued) continuous function on Y can be extended to a continuous function on X, and Y is P γ -embedded in X if every continuous γ -separable pseudometric on Y can be extended to a continuous pseudometric on X (Shapiro [23] ), where a pseudometric ρ on Y is γ -separable if the pseudometric space (Y, ρ) has weight γ . When Y is P γ -embedded in X for every γ , we say that Y is P -embedded in X. It is known that Y is P ω -embedded in X if and only if it is C-embedded in X. For these extension properties see Alò and Shapiro [3] or [15] .
In [4] and in a recent article [5] Arhangel'skiȋ introduced various notions and related results on relative topological properties, a subspace Y of a space X is weakly C-embedded in X if for every real-valued continuous function f on Y there exists a real-valued function g on X which is an extension of f and continuous at each point of Y ; restricting f to bounded functions, weak C * -embedding is analogously defined, but it is equal to weak C-embedding (Bella and Yaschenko [7] , or see Section 2) .
In the present paper we shall give a necessary and sufficient condition for a subspace Y of a space X to be weakly C-embedded in X. Namely we prove It immediately follows from Theorem 1.1 that every dense subspace Y of a space X is weakly C-embedded in X (Theorem 2.4); this was recently proved by Costantini and Marcone in [12] answering a problem of Arhangel'skiȋ in [4] .
As another case we shall show that if a subspace Y of a space X is z-embedded in X, then Y is weakly C-embedded in X (Corollary 2.5). A subspace Y of a space X is said to be z-embedded in X if for every zero-set Z of Y there exists a zero-set Z of X such that Z = Z ∩ Y . Clearly C * -embedding implies z-embedding, and it is known that every cozero-set of a space or a Lindelöf subspace of a Tychonoff space is z-embedded.
Another concern of this paper is to define and to describe a weak extension property for P γ -or P -embedding along the same line as weak C-embedding. Let us define that a subspace Y of a space X is weakly P γ -embedded in X if every continuous γ -separable pseudometric on Y can be extended to a pseudometric on X which is continuous at each point of Y , that is, a pseudometric d on X which is, as a function on the product space X × X, is continuous at each point of Y × Y . When Y is weakly P γ -embedded in X for every γ , Y is said to be weakly P -embedded in X. It will be shown that weak P ω -embedding coincides with weak C-embedding. Corresponding to Theorem 1.1 we prove the following theorem.
By this theorem we note that a dense subspace Y of a space X is weakly P γ -embedded in X for any γ , hence, weakly P -embedded in X (Corollary 3.5), and also we will show that z γ -embedding (Blair [10] ) implies weak P γ -embedding (Corollary 3.6).
Finally we shall prove the following theorem on product spaces, which is motivated by results in [19] , Alò and Sennott [2] and Przymusiński [20] , where P γ -embedding is described in terms of product spaces. (a) Y is weakly
For undefined notation and terminology see Engelking's book [14] .
Proof of Theorem 1.1
Let Y be a subspace of a space X. If a map f defined on X is continuous at each point of Y , we say that f is Y -continuous [4] .
A subspace Y is well-embedded in X if Y is completely separated from any zero-set of X disjoint from Y . It is known that Y is C-embedded in X if and only if Y is z-embedded and well-embedded in X [11] .
Let X Y denote the space obtained from the space X, with the topology generated by
and X and X Y generate the same topology on Y [14] . As is seen in [4] , the space X Y is often useful in discussing several relative topological properties.
We need the following results to prove Theorem 1.1. 
Proof. In the above result, (b) ⇔ (c) shows that weak C-embedding equals weak C * -embedding. For a direct proof see [7] .
The following lemma was proved by Aull [6] . and 
Continuing inductively this process, we have an open subset H k/2 n and a closed subset
Let us now define a function f :
Then, as is easily seen, f is continuous, and we have f (Z 1 ) ⊂ {0} and f (Z 2 ) ⊂ {1}. Thus, Y is C * -embedded in X Y , and the proof of the theorem is completed. ✷ Theorem 2.4 [12] . If a subspace Y of a space X is dense in X, then Y is weakly Cembedded in X.
By Theorem 1.1 and Lemma 2.2 we have:
In this result, since the identity map X Y → X is continuous, a direct proof shows that Y is z-embedded in X Y . Hence Corollary 2.5 follows also from Lemma 2.1.
Besides these corollaries it is obvious that every open subspace of a space is weakly C-embedded. By [4] it is shown that every closed subspace of a space X is weakly Cembedded in X if and only if X is normal. Also we note that a space X is hereditarily normal if and only if every subspace is weakly C-embedded in X; the "only if" part is already given in [4] .
In [11] Blair and Hager proved that a Tychonoff space Y is z-embedded in every Tychonoff space containing Y as a subspace if and only if Y is either Lindelöf or almost compact; a Tychonoff space Y is almost compact if the cardinality |βY − Y | 1. In [7] this theorem was extended to the theorem below, which is an answer to a problem in [4] . However, their proof is complicated. Here we give a simple proof by showing that the theorem below is immediately implied by the Blair-Hager theorem above. Let Oz denote the class of spaces in which every open subspace is z-embedded (Blair [9] ), such a space is called an O Z -space (Terada [24] ) or a perfectly κ-normal space (Ščepin [22] ). 
The equivalence (b) ⇔ (c) in the following theorem was proved in [7] . 
Assume that Y is weakly C-embedded in every Tychonoff space containing Y as a subspace. Let X be a Tychonoff space and suppose Y is a subspace of X. Embed X into a Tychonoff cube I τ . Then by assumption Y is weakly C-embedded in I τ . By [9] it is proved that I τ ∈ O Z . Hence, by the lemma above we have that Y is z-embedded in I τ , and so z-embedded in X. Since X is arbitrary, again by the Blair-Hager theorem above, Y is either Lindelöf or almost compact. Let us recall two relative topological properties defined by [4] 
The equivalence (a) ⇔ (e) of the following lemma will be used again in Section 4. (a) Y is strongly normal in X.
(e) Y is normal itself, and is weakly C-embedded in X.
Proof. The equivalence (a) ⇔ (c) ⇔ (e) has been shown in [4] . One can easily prove The following theorem was proved in [7] and Matveev et al. [16] independently, answering a problem in [4] . One can easily observe that this result follows by combining Theorem 2.7 with Lemma 2.8. Notice again that Y is closed in X Y . Theorem 2.9 [7, 16] It is well-known that a subspace Y of a space X is P γ -embedded in X if and only if for every locally finite cozero-set cover {U α | α < γ } of Y , there exists a locally finite cozero-set cover {V α | α < γ } of X such that V α ∩ Y ⊂ U α for every α < γ . It was defined in [10] that Y is z γ -embedded in X if for every locally finite cozero-set cover {U α | α < γ } of Y , there exist a cozero-set G of X containing Y and a locally finite cozero-set cover {V α | α < γ } of G such that V α ∩ Y ⊂ U α for every α < γ . We recall two known facts: z ω -embedding is equal to z-embedding, and Y is P γ -embedded in X if and only if Y is z γ -embedded and well-embedded in X [10] .
With these facts above we have the following lemma, which corresponds to Lemma 2.1.
Lemma 3.1. For a subspace Y of a space X the following statements are equivalent. (a) Y is weakly
From this lemma and Lemma 2.1, it follows that a subspace Y of a space X is weakly C-embedded in X if and only if Y is weakly P ω -embedded in X.
The following result should be compared with the definition of z γ -embedding; the hypothesis that Y is weakly C-embedded can not be removed. Since there will be no use of it in this paper, we only mention it.
Theorem 3.2. A subspace Y of a space X is weakly P γ -embedded in X if and only if Y is weakly C-embedded in X and for every locally finite cozero-set cover {U α | α < γ } of Y , there exist an open subset W of X containing Y and a locally finite open cover {V
The following lemma from [26] characterizes z γ -embedding.
Lemma 3.3 [26]. A subspace Y of a space X is z γ -embedded in X if and only if for every disjoint collection {G α | α < γ } of open subsets of Y such that α<γ G α is a cozeroset of Y , there exists a disjoint collection {H α | α < γ } of open subsets of X such that G α = H α ∩ Y for each α < γ and α<γ H α is a cozero-set of X.
We need another technical lemma.
Lemma 3.4. Let W be a cozero-set of X Y , and let G be an open subset of X Y such that
Proof. Since W is a cozero-set of X Y , there exists a cozero-set U k and a zero-set 
By Theorem 1.2 and Lemma 3.3 we have:

Corollary 3.6. If a subspace Y of a space X is z γ -embedded in X, then it is weakly P γ -embedded in X.
If Y is z γ -embedded in X, then clearly Y is z γ -embedded in X Y . Hence, Corollary 3.6 follows also from Lemma 3.1. It may be of some interest to find a condition, under which weak P γ -embedding is equal to z γ -embedding or P γ -embedding. Here we prove one such result.
Theorem 3.7. Assume Y is a closed subspace of a normal space X. If Y is weakly
Since Y is clearly well-embedded in X, it is P γ -embedded in X. This completes the proof. ✷ Let D be a discrete space of a measurable cardinal. By Corollary 3.5 D is weakly Pembedded in υD, the Hewitt realcompactification, and C-embedded in υD. But D is not P -embedded in υD. Hence, Theorem 3.7 need not be true if we merely assume that Y is C-embedded in X.
We note that every open subspace of a space is clearly weakly P -embedded. For spaces in which every closed subspace is weakly P γ -embedded, we have the following result; recall that a space X is γ -collectionwise normal if for every discrete collection {E α | α < γ } of closed subsets there exists a disjoint collection {G α | α < γ } of open subsets such that E α ⊂ G α for each α < γ .
Theorem 3.8. A space X is γ -collectionwise normal if and only if every closed subspace is weakly P γ -embedded in X.
Proof. Since it is well-known that in a γ -collectionwise normal space every closed subspace is P γ -embedded, the "only if" part follows readily. Suppose conversely, and let E = {E α | α < γ } be any discrete closed collection. Then, since E is a disjoint open cover of the closed set E which is weakly P γ -embedded in X, by Theorem 1.2 there exists a disjoint collection {H α | α < γ } of open subsets of X such that E α ⊂ H α for each α < γ , and which shows that X is γ -collectionwise normal. This completes the proof. ✷
Corollary 3.9. A space X is hereditarily γ -collectionwise normal if and only if every subspace is weakly P γ -embedded in X.
Proof. Assume X is hereditarily γ -collectionwise normal. Let Y be a subspace of X and 
is a discrete collection of cozerosets of Y . Hence, from either assumption on Y of (c) it follows that Card G n ω. So we have Card G ω. Recall that weak P ω -embedding equals weak C-embedding. Hence, by Theorem 2.7, we have (a). This completes the proof. ✷
Proof of Theorem 1.3
We now proceed to discuss weak P γ -embedding on product spaces. The following result is fundamental. 
In order to prove Theorem 1.3 we need two more lemmas, the first of which is essentially due to Starbird (cf. Rudin [21] , see [15, Lemma 4.8] 
Then one can easily check that ϕ is continuous, and we have
which proves the lemma. ✷ 
Let us put 
Let us define for α < γ 
is the weight of Z. Similarly to the proof of Theorem 4.1, in general we have (iii) implies (ii) for any space Z. However, the converse need not be true unless Z is compact. For, let X = R, Y = Q(= the set of rationals) and Z = P(= the set of irrationals). Then R Q is the Michael line, and by Morita [18] Q × P is not C * -embedded in R Q × P. On the other hand, since Q × P is Lindelöf, it is z-embedded, and so C-embedded in (R × P) (Q×P) .
Finally let us apply Theorem 1.3 to obtain several results. A subspace Y of a space X is said to be γ -collectionwise normal (respectively strongly γ -collectionwise normal) in X if for every discrete collection
As is easily seen, in case γ = ω it is equivalent to say that Y is normal (respectively strongly normal) in X. When Y is γ -collectionwise normal (respectively strongly γ -collectionwise normal) in X for every γ , we say Y is collectionwise normal (respectively strongly collectionwise normal) in X. Proof. Assume that X Y is λ-paracompact and γ -collectionwise normal, then clearly Y is λ-paracompact, and by Lemma 4.4 Y is γ -collectionwise normal itself, and weakly P γ -embedded in X. Suppose the converse, then by Lemma 4.4 X Y is γ -collectionwise normal. Hence, Y is P γ -embedded, and so, P λ -embedded in X Y . Moreover, since Y is normal and λ-paracompact, it is easy to see that X Y is λ-paracompact. ✷ By Theorem 1.3, Lemma 4.6 and the corresponding result obtained in Dowker [13] , Alas [1] , Morita [17] and Tamano [25] , respectively, we have the following results.
